Abstract. The main objective of the present paper is to study the transverse vibration of the prestressed beams. The differential equation of the transverse vibration of the Euler-Bernoulli beam is developed , in which the initial axial strain in every cross section of the beam is taken into account, so that the initial normal stress is not equal to zero. We have proposed some formulae to determine the natural frequencies of the prestressed beam. The forced transverse vibration of the beam with a moving external force has been considered. From this it follows compression softening effect of prestressed beams. A detailed comparison between the calculating results for the prestressed and the non-prestressed beam is also presented.
INTRODUCTION
In recent years, the prestressed ferro-concrete beams are usually used in branches of the construction and the road traffic. However, the research on the transverse vibration of the prestressed beams is still not extensively considered in Vietnam, alt hough it is very necessary. The calculation of the stress of these beams is only confined to the evaluation of static stresses using t he experimental formulae. The international literature on t his respect is also little and a systematic study has not been shown. In some publications [1] [2] [3] [4] [5] [6] [7] [8] , the influence of axial forces or fatigue cracks on the natural frequencies of t he beam, which is pre-compressed by t he axial forces, was investigated. In the last case, the axial forces are usually supposed as constants.
The main objective of the present paper is to study in detail the transverse vibration of the prestressed beams. Firstly, the differential equation of the transverse vibration of the Euler-Bernoulli beam is established, in which the initial axial strain in every cross section of the beam is taken into account, so that the initial normal stress is not equal to zero. In the next sections, we propose some formulae to determine the natural frequencies of the prestressed beam. The forced transverse vibration of the beam with a moving external force has been considered. A comparison between the calculating results for the prestressed and the non-prestressed beam is also presented.
DIFFERENTIAL EQUATION OF THE TRANSVERSE VIBRATION OF THE PRESTRESSED BEAM
According to the Bernoulli beam theory, every cross section of the beam is always flat and during deformation perpendicular to the neutral axis. Note that the geometrical axis of the beam without deformation is a segment of a straight line. We choose t his straight line as x-axis as shown in Fig. l . Neglecting the longitudinal and torsional oscillations, we consider only the transverse vibration of t he beam in the direction of z-axis.
In order to determine the differential equation for the transverse vibration of beams, we consider an infinitesimal volume as shown in Fig. 2 Neglecting the rotary inertia, the dynamic equilibrium conditions for the transverse vibration of beams are obtained by applying D 'Alembert principle [9] as 6) where E~x(x, z , t) is the strain caused by deformation of the beam. Fig. 3 shows an enlarged imagine of a part from the bended beam. The strain in a particular layer z of the beam depends on coordinate z. If z = zo , strain c(zo) is equal to zero.
If the beam has a constant mass density and symmetric cross sections, the location of layer zo can be easily determined (it coincides commonly with the symmetric axis of the beam). However, in other cases, for example ferro-concrete beams, the neutral layer is not coincident with the symmetric axis of the beam. The length of the neutral layer between cross sections 1 and 2 can be determined from Fig. 3 
as follows
Lo= Pz d<p,
where Pz is the radius of curvature of the neutral layer. So the length of the layer z between cross sections 1 and 2 before deformation is also equal to Lo. After deformation, this length becomes
Thus, the strain of the layer z is
If we choose zo = 0, then Eq. (2 .9) leads to c:;
According to mathematical handbooks, the radius of curvature Pz is given by [iii
Substituting Eq. (2.13) into Eq. (2.5) yields
Note that 
FREE TRANSVERSE VIBRATION OF THE PRESTRESSED BEAM
In t he case that mass density and cross-sectional area of the beam are constant and t he initial strains in every cross-sections are equal, the differential equation that describes t he free transverse vibration of the prestressed beam can then be written as follows a4w a2w a2w
EI ax 4 -c0 EA ax 2 + pA at 2 = 0.
Using Bernoulli method of the separation of variables, we assume a solution of Eq. (3 .1 ) in t he form
w(x , t) = X(x) T(t).
(3 .
2)
The functions X(x) and T(t) can be determined by the following equations [12]
where µ = pA. The general solution of Eq. (3 .3) can be expressed in the form T(t) = D1 cos wt+ D2 sin wt , (3.5) where the constants D 1 , D 2 can be determined by using the initial conditions. By introducing the notations 2 w2µ A er = EI' 2 /3 =col ' (3.6) Eq. (3.4) can then be rewritten as
Eq. (3.7) is a fourth-order homogeneous linear differential equation with constant coefficients. The essential difference between the prestressed and the non-prestressed beam may be identified by the second term of Eq. (3. 7). In the case of the non-prestressed beam co = 0, Eq. (3 .7) leads to the well-known equation [9] X(IV)(x) -cr 2 X(x) = 0. The roots of this equation are given by
(3.10)
By introducing the notations
we obtain the solution from Eq. (3.10) as According to the theory on linear differential equations, the general solution of Eq. (3. 7) is expressed in the form
where the constants C1 , C2, C3 and C4 can be determined by using the boundary conditions. From Eq. (3 .14) we get the following derivatives In the first case (Fig. 4) , the boundary conditions are In the last case (Fig. 5) , the boundary conditions are The calculating results for this case are shown in Table 1 and Table 2 . Based on these results, some comments can be made as follows -In the case of the pre-compressed beam (co < 0) , the natural frequencies of the beam decrease for lco I increasing.
-In the case of the pre-strained beam (co > 0) , the natural frequencies of the beam increase with the raise of co.
-The fundamental natural frequency of the beam is influenced significantly by the prestressed effect . However , this effect has fewer influence on high-order natural frequenci es of the beam.
-The above-mentioned phenomenon is called "compression softening effect" of prestressed beams. where Xk(x) is the eigenfunction, qk(t) is the unknown function that we have to find. By substituting Eq. (4 .2) into Eq. (4 .1), we obtain a system of ordinary differential equations to determine functions qk(t)
We consider now the forced transverse vibration of a prestressed beam which is excited by a moving constant external force Fo at constant velocity v as shown in Fig. 6 . The constants Ak, Bk can be determined using the initial conditions. Assuming that the initial conditions are
Using the property of orthogonality of the eigenfunctions, these initial conditions can be simplified to 
sm-l-. -The maximum deflection of the pre-compressed beam (co < 0) is larger than the maximum deflection of the beam without prior compression .
-The maximum deflection of the pre-strained beam (co > 0) is smaller than the maximum deflection of the beam without prior tension .. This behaviour illustrates the "compression softening effect" of prestressed beams which has been shown in the previous section.
CONCLUSIONS
In this article, the transverse vibration of prestressed beams is addressed. Some new results have been reached:
The partial differential equation that describes the transverse vibration of the prestressed beam is established generally by means of D'Alembert principle. This approach is more general and convenient than the method using a model of two compressive forces acting in both ends of the beam.
The calculating results for t he problems of the free and forced transverse vibration of the prestressed beam have clearly demonstrated the "compression softening effect" which was found by means of experimental works in reference [5] .
Based on the formul ae developed in previous sections of the present article, it is possible to study complicated problems on dynamics of structures which contains prestressed elements. This will be the subject for future works.
